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Abstract. Purpose. To solve problems of mathematical programming, we previously developed one approach to construct
algorithms for evolutionary random search. These algorithms in subsequent works were extended to solving generalized
mathematical programming problems in which binary relations of choice are used. The convergence of evolutionary algorithms to
optimal solutions when using objective functions from the Euclidean space is proved analytically in our papers. The convergence of
the search for optimal solutions in the solution of problems of generalized mathematical programming is confirmed by numerous
experiments on different problems. Conditions for the convergence of evolutionary algorithms for generalized mathematical
programming problems are presented earlier. In this paper we prove the convergence of evolutionary algorithms for finding optimal
solutions with binary choice relations. Methodology. The solution of optimization problems with the binary relation of nonstrict
choice was analyzed. To investigate the convergence of evolutionary search, algorithms were studied whose main functions are the
function of generating solutions and the function of the choice of solutions. As a selection function, the preference function is a
binary choice relation. Findings. The article formulated conditions that ensure convergence of algorithms of evolutionary search.
Among them: the condition of non-strict choice for a binary choice relation, the condition for the existence of upper-section binary
relations of the choice of a non-zero measure, the condition of non-zero probability of new solutions falling into an arbitrary upper
section of the choice relation. Originality. Sufficient conditions are formulated that ensure the convergence of the sequences of
selected solutions to the Rs - optimal solution with probability 1 under general conditions for the ratio of choice. The formulated
conditions leave significant opportunities for constructing specific evolutionary random search algorithms. Practical value. The
conditions of convergence of evolutionary algorithms allow us to construct effective algorithms for solving generalized mathematical
programming problems: with continuous, discrete or mixed variables, in the presence of constraints in the form of equalities or
inequalities.
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AHotauis. Mema. []51s1 pilueHHs 33124 MaTeMaTHIHOTO [IPOrpaMyBaHHS paHille HaMH OyB po3po0IeHHit OfMH MiAXi] Mo0yIoBH
ANTOPUTMIB €BOJIOMIHHOTO BHUIIAAKOBOrO MOmyKy. Lli anropurMu y HAacTymHHX Npamsx OyiM IOMMPEHI Ha pImIeHHS 3aad
y3araJbHEHOT0 MaTeMaTHYHOTO IPOTrPaMyBaHHs, Y SIKUX BUKOPHCTOBYIOTHCS OiHApHI BiMHOMIEHHS BUOOPY. 301KHICTH €BOTIOLIHHIX
ANTOPUTMIB K ONTHMAIBHMAM DIiIIEHHSAM IPH BUKOPHCTAHHI IUTHOBUX (PYHKIIH y €BKIJIIZOBOMY IPOCTOpPI JOKA3aHA aHATITUYHO y
HaIMX Mparpix. 301KHICTh MONTYKY ONTUMAIBHUX PIillleHb JUIS 3a/ad y3araJbHEHOTO0 MaTeMaTYHOTO IPOrpaMyBaHHS i ATBEPKEHA
3HAYHOIO KiJIBKICTIO CKCHEpPHMEHTIB Ha Pi3HMX 3aJadax. YMOBH 30DKHOCTI €BONIOIIMHHUX AJITOPUTMIB AJIS 3a7ad y3araJbHEHOT'O
MaTEeMaTHYHOr0 IPOrpaMyBaHHS BHKIAJeHI paHime. Y Iiif poOoTi HaBeAeHI MOKa3W 30DKHOCTI €BOIMIOLIHHMX ITOPUTMIB IS
BHPIIICHHS 3a/ad IOMIYKy ONTHMAJbHUX DIlleHb 3 OiHAPHMMHU BiAHOMEHHSIMHU BHOOpPY. Memoouka. Po3rinsnanock BUPIMICHHS
3amadi onTuMizamii 3 OGlHAPHHIMH BiXHOIIEHHSMH HECTpororo BuOopy. i mocmipkeHHS 301DKHOCTI €BONIOMIMHOTO MOLIYKY
JIOCTIKYBAJINCh allTOPUTMH, SIKi CKJIaJAlOThCA 3 HACTYMHMX (YHKHIN: (yHKIIS TeHepalii pimeHs Ta QyHKIisA Bigbopy pimieHs. Y
sikocTi GyHKIii BHOOpY — (yHKHiA mepeBarw mo OGiHapHOMY BimHOUIEHHIO BHOOpY. Pesynsmamu. ChopMyrnboBaHI yMOBH, SIKi
3a0e3MedyroTh 301KHICTh AITOPUTMIB €BOMIOIIHHOro nonryky. Cepes HHX: yMOBa HECTPOroro BHOOpPY Aist GiHApHOTO BiXHOIICHHS
BHOOpY, yMOBa iCHYBaHHS y IEPETHHIB O1HAPHOT'0 BiTHOMIEHHS HE HYJIbOBOI MipH, yMOBa HE HYJILOBOI BipOTriAHOCTI BIIydCHHS HOBUX
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pilleHb y MOBINBHUN BEpXHIM mepeTHH BipHOmeHHS BHOOpY. Haykoea noeusna. ChopmynboBaHi Ta OOIpyHTOBaHI yMOBH, SIKi
3a0e31edyroTh 301KHICTh ITOCIITOBHOCTEH BifiOpaHNX pIlIeHb y IMPONECi €BOIMIOMIHHOrO MOMIYKY [0 Rs— ONTUMANBHOTO PIlIeHHS 3
BiporigHicTIo | TpHW IOCTAaTHBO 3araJbHUX YMOBaxX Ul BigHOWmEHHS BHOOpY. IIpakmuuna 3nauumicms. YMOBU 301KHOCTI
EBONIOIIHUX AJTOPUTMIB IO3BOJSIOTH OymayBaTH €()EeKTHBHI aqropuTMi [UIS BUPIMICHHS 3aJad y3araJbHEHOTO MAaTeMaTHYHOTO
IIpOrpaMyBaHHS 3 O€3NepepBHAMH, AUCKPETHHMH a00 3MIIIaHMMH 3MIHHHMHY, IIPH HAsBHOCTI OOMEXCHb y BHIJISAI PIBHAHB abo
HEpiBHOCTEH.

Kniouosi cnosa: eBomroniiigi anroputMu; 6iHapHE BiXHOMIEHHS BHOOPY; yMOBH 301>KHOCTi; R — onTHManbHi pimeHHs
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AnHoTauus. Ifens. JIns pemenus 3agad MaTeMaTHYecKoro MPOrpaMMHUPOBAHMS paHee HAMU ObUI pa3pa0oTaH OAWH IOIXOJ
MIOCTPOEHHS aJITOPUTMOB HBOJIIOIMOHHOTO CIYJaiHOTO MOMCKA. DTH ITOPUTMEI B IIOCIEAYIOINX paboTax OBUTH PaclpoCTpaHEHE
Ha pelIeHue 3a1a4 0000IIeHHOr0 MaTeMaTHIeCKOro IIPOrPAMMHPOBAHIS, B KOTOPBIX UCHONB3YIOTCS OMHApHBIE OTHOIIECHUS BEIOOpA.
CXOIMMOCTD JBONIOIHOHHBIX ANTOPUTMOB K ONTHMAIBHBIM PEIICHUSIM MU HCIOIb30BAaHUH IIENEBBIX (DYHKIMI W3 MpocTpaHCTBa
OBKINAA JOKa3aHa AHAJIUTHYECKH B Hammx paborax. CXOOMMOCTh MOHMCKAa ONTHUMANBHBIX PEHICHHH MPH pEHIeHHH 3aaad
0000IIEHHOr0 MaTEeMaTHYECKOr0 MPOrpaMMUPOBAHMS ITOATBEPKACHA MHOTOYHCICHHBIMU JKCIIEPUMEHTAMH HA Pa3HBIX 3a/Jadax.
VYcaoBus CXOAMMOCTH 3BOTIOLMOHHBIX aJITOPUTMOB IS 3a4ad OOOOMIEHHOTO0 MAaTEeMAaTHYECKOTO MPOrpPaMMHPOBAHMS H3JI0KEHEI
panee. B manHo#t paboTe mpuBeIeHO DOKA3aTEIHCTBO CXOAMMOCTH IBOJIONMOHHBIX aJTOPUTMOB IS 3a[ad ITOMCKA ONTHMAIbHBIX
pemieHnii ¢ OMHAPHBIMH OTHOIICHUSIMH BBIOOpa. Memoouka. AHaNM3UPOBAIOCH PEUICHHE 3a7ad ONTUMU3AIUH C OWHAPHBIM
OTHOIICHHEM HecTpororo BbeIOopa. s MCClemoBaHWS CXOAVMOCTH HBOJIOIMOHHOTO ITOMCKA HCCIECJOBAINCH alTOPHTMEL,
OCHOBHBIMHU (DYHKITMSIMH KOTOPBIX SIBIISIFOTCS: (DYHKIUS TeHepaluy perreHnii n GyHknus BeIOopa pemenuil. B xauecTBe (yHKImm
BEIOOpa — (PYHKIWS MPEANOYTCHUS 1O OMHApHOMY OTHOLICHWIO BBIOOpa. Pezynsmamui. B crarbe copMyaHpoBaHBI yCIOBHS,
KOTOpbIE 00ECIIeYMBAIOT CXOIMMOCTh QJITOPHTMOB SBONIONHOHHOrO momcka. Cpeau HHX: YCIOBHE HECTPOroro BbIOOpa urs
OMHApPHOrO OTHOIICHUS BBIOOPA, YCIIOBHE CYIECTBOBAHMS y BEPXHUX CEUCHMII OMHAPHOrO OTHOLICHHS BHIOOpA HE HYICBOH MEpHI,
YCIIOBHE HE HYJIEBOH BEPOSTHOCTH IMOMAJaHUs HOBBIX PEIICHUH B IIPOMU3BOIBEHOC BEPXHEE CEUCHHE OTHOIIECHMS BbIOOpa. Hayunas
nogusna. ChopMynmupoBaHbI OCTATOYHBIE YCIIOBHS, KOTOpPBIE OOECIEYMBAIOT CXOAMMOCTH ITOCIEIOBATEIBHOCTEH OTOMpPaeMBIX
pemeHuii K Rs — ONTUMAIBHOMY PEIICHHUIO ¢ BEPOSTHOCTHIO | MpH OOIINX YCIOBHUSIX IS OTHOMIEHUS BEIOOpa. ChopMymupoBaHHBIE
YCIIOBHSL OCTaBIISIOT 3HAYNTEIHHBIE BO3ZMOXKHOCTH JUTS MTOCTPOCHUS! KOHKPETHBIX 3BOIIONHOHHBIX aJTOPUTMOB CIIyJalHOTO MOHCKA.
Ilpakmuueckaa 3nauumocmsp. Y CIOBUSI CXOAUMOCTH HBOJIIOIMOHHBIX aITOPUTMOB ITO3BOJIIIOT CTPOUTH 3()(EKTUBHEIEC alTOPUTMBI
JUISL pemIeHust 3afa4 00O0OIIEHHOT0 MaTEeMaTHIECKOr0 MPOrPaMMHPOBAHUS: C HETPEPHIBHBIMH, JUCKPETHBIMH WM CMEIIAHHBIMHI
MIepEeMEHHBIMH, TIPY HAIMYUH OTPAHIMYCHUH B BU/IC PABEHCTB WIIM HEPABCHCTB.

Kniouegvie cnosa: IBOMOIMOHHBIC aAJITOPUTMBI; 6I/IHapHOC OTHOLICHHUC BLIGOpa; YCII0BUA CXOOUMOCTH, R — ontumansHOE peuicHue

choice relation Rs is a no strictly order relation and

Introduction satisfies reflexivity property:
The article is devoted to the study of the convergence o VxeQ, xRgx,
of evolutionary algorithms [5,8-10], which are based on transitivity property:
the ideas of self-organization [2,3], random search [4], vx,y,z€Q,
evolutionary modelling [1,6], optimization by binary (XRS y) A (yRS Z):> XRsz,

choice relations [7].

. . . anti-symmetry property:
It is consider a set Q of elements (decisions) ym Yy propetty

Vx,y,z €2, (xRSy)/\(yRSx):> xX=y.

x= {xl, X2, x" }, where x' — a scalar parameter

(continuous or discrete) We shall say that every decisions from € can be
It is determined the binary choice relation Ry for compared according to relation Rs We denote by x, € Q2

elements of the set Q. , that VxeQ, xoRg¢x. The decision xp names Rs —

It is meant that there is a rule (algorithm) according to

Rt . ’ optimal.
one decision is "better" than another. It is determined that
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We shall consider the case when the set Q is infinite
set or it contains a very large number of elements.

Purpose

We shall consider the case when the set Q is infinite
set or it contains a very large number of elements.

This paper presents the globe scheme of evolutionary
algorithms according [5,8-10] and describes the analysis
of the convergence for search of Rs— optimal solutions.

Methodology

For subset X, X — QQ we denote the function of
choice in the form

S(X)={r e x|vy e[X\S(X)] xRgy} (1)
We shall assume that set S(X) contains the concrete

number of elements — N, .
We shall that for the set Q it was determined relation

Rg with attachment function p, (x, y): QAxQ— [0,1].

Relation R will be termed generation relation.

For subset X, X < € we denote the function of
generation in the form

G(x)=xUGy(xX),

GH(X)z {y € Q‘Elx € X,yRGx,yRG (x,y)> 0} (2)
We shall assume that set G(X) contains the concrete
number of elements — Ng.
The algorithm to search Ry —optimal solution can be
represented as
X, =5(G(x,_,)). k=12,.. (3)
where X;— the set of preferred solutions according to
the binary choice relation Rs at the iterate step k , Xi; —
this is the same at the iterate step k-7/. G(X) - the function
of generation with relation of generation R .S(X) - the
function of choice with the binary choice relation Rs.
The iterate algorithm (3) — is the general form of
evolutionary search.
According to [8] we will consider the decomposition
Ny
sz_UlXjk:XikﬂXijQ:i?ﬁj (4)
j=
Where: Xj; — the set of preferred solutions according
to the binary choice relation Rs at the iterate step k for
the branch j of evolutionary search, N, — the number of
branches.
The algorithm (3) takes the form

X =8GX 4y)), j=L NG, k=12,...(5

These iterate algorithms (3), (5) — are the general
form of evolutionary search.

The convergence of evolutionary algorithms while

minimizing the scalar functions

It want to find min f (x) where x € R" .

For the function f(x) is assumed: For every [>0
there is the area S, x, €.

such as:
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1
{|f(x)—f(xo)|37}<:>xe5'l (6)
and for every [ >0
mesS; > 0. (7)

First of all we consider the case xe Qc R" .

We construct an auxiliary algorithm as follows. We
assume that the search of solution is carried out by the
iterate process (3) with (1), (2).New solutions from (2)
are generated as a result of stochastic process

P{xeB}zmesB/mesQ, VBc Q (8)

It is assumed that the generation of all points has the
same probability.

First, it is considered the evolutionary algorithm with
N,y =1, i.e. the set of preferred solutions contains one
solution only, it may be denoted as x,, .

If you want to minimize f(x), therefore it is necessary

to separate the solution x,, from the set {xl,xz,...,x Ny }
that satisfies conditions
fleoy )< 1)) Wi =1V ©)
According to the property (6) there could be two
possibilities. First, if among points XX, Xy, there
is a point x €S, therefore after selection the “best”

solution x,, € ;. Secondly, if after selection x,, € S,

therefore x; €S, Vi=1Ng.

Statement 1. If evolutionary algorithm (3), (1), (2)
and the generation of new solutions is produced as (8)
and the selection of preferred solutions is produced as (9)
therefore for every />0 will be found the number N

such that for everyone & > N it will be satisty xgp es,;
with probability 1, it mines that

1
AR Y B
It means that evolutionary algorithm converges to
minimum value of entire function with probability 1.
We denote C — an event where after the stochastic
experiment (8), the point x does not fall into the region S;
.There is:

P(C)zl— mesS; _

<1 (10)
mes<2
Since the condition (7) is satisfied.

We denote x}- the possible solutions at the first step

of the iteration j =1, N . All of them are obtained as a
result of “throwing” into the area. We denote by

A4, = {x} €S V=], NE} — an event consisting in the
fact that no point x}- at the first step of the iteration does

not fall into the region S;.There is:
P(4)=p"=.
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We denote by A2={V?ES, ijl,NE} — an

event that none of the points at the second iteration step
falls into the region S;.
We will present

Ay = A4y, N Ay, , where
A21={Y}ES,},
Ay :{%12'351 Vj:m}-

Because of the independence of events, we have

P(A2)=P(A21 ﬂAzz)ZP(Azl)‘P(Azz)z
= pVe . pNel 2 p(pNE—l)z '
Similarly
4= ES, Vi=LN, .

P(4y)= P(d,) pVe~! = plpMe!f
Total

4 =hFEs, vi=1N, ).

P(4,)=plp"ef

If we consider the series, we obtain

o0 o0 k
kZIP(Ak)=kle(pNE1) <o,  (12)

(11)

it pNel <1,
The last condition is satisfied when Ny >1 .

The convergence of the series (12) by the Borel-
Cantelli theorem means that with probability 1 there are
only a finite number of events from Ax.

In other words, there is a number N such that for all
k> N the events of 4¢ - (11) will not hold, that is, the

events of xgp € S} will hold, which proves Statement 1.
Comment. Convergence set (12) is satisfied at
Ny >1 ,thatisat Np=2.

Statement 2. If evolutionary algorithm (1) - (3) has
N; >1 and the generation of new solutions is produced as

(2.8) and the selection of preferred solutions {Xopy,
Xop2,,,,XopNI } from {xl,xz,...,xNE } is produced as:

Floopi )< flx;) Vi=LN,, ; vx; €8(X) (13)
hence it will be found the number N such that for
everyone k> N it will be satisfy with probability 1

xb €S Vi=LN,,
1
< =

k
‘f(xopi)_f(xOX = /
We transform X; as

X =i b bt where

xf,eS, Vp=1m,

s, vg=lniTiN,,.

x*, - there are new generation solutions,

, Vi=L,N,, (14)
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r=(N,,+1),N; .

We denote 4., - an event, that no one from new

generation solutions fall into the region S; at the (k+17)
iteration step.

NE_Nop

P (Ak+1 ) =P
Analogically the event A, ,, for that
Ng-N
P(4,,,)=p" % " andso on.
We denote B, ,; as an event that the number from

the set X, that’s fall into the region S; did not increase

by one at (k+1) iteration step.
N
P(Bk+1):P(Ak+l)=p ¢

An event B, , is analogically B, but at (k+2)

_ Nop

iteration step.

P(Bk+2 ) = P(Ak+2 ) P(Bk+1 ) =p
on.
If we consider the series, then we can conclude

i pn(NE 7N0p )
n=1

This proves the statement 2.
Statement 3.

If the evolutionary algorithm has the form (1) — (3)
and the generation of new solutions satisfies

P(C;‘)zP{xf-ES,}<p<l,

vj=(N,, +1 Ny (15)

and the selection of the best solutions is made (13),
hence it will be found the number N such that for
everyone k > N it will be satisfy with probability 1 (14)
for every / >0.

2ANe=N,) and so

< 0

We denote by R; (x) the upper section to the binary
choice relation Ry at the set 2

R;(x)z{yeQ|yRSx} (16)
We will assume that upper sections have such

properties:

Vx # X mesR§(x)>0 17)
Where xo—is Rg -optimal solution at the set 2.
Relatively of generation function we will consider

following. If x; is a new solution x,; € Gy (X ), then

Vx#x, Pl € Ry (x)}> 08>0 (18)
Convergence of the sequence X; to Rg -optimal
solution we understand the following. For every x € Q,
x # x, there is a number K that for each & > K with
probability 1 that will be satisfied:
Xyg CR§ (x) .
Theorem 1.

If upper sections (16) have the property (17),
generation function (2) has the property (18), and choice
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relation Ry is a no strictly order relation, then algorithm
(3) ensures convergence of the sequence X; to Ry -

optimal solution with probability 1.
Proof. The function of choice at any iteration step

consists from N,, elements X, = ixl,xz,...,x N

At (k+1) step of iteration we have '
G(X,)=XUG,(X,).

Then:

X =8(G(X; )= (X, UGy (X))

We will show that there is the number of iteration
step K, that at k > K will be done X, c Ry (x)

We represent G(X ) in the form

G(X) = {uvl,x2,...,xm,...,xN0p seees Xy },
where the first m elements there are that belong to
R; (x) .

The elements with number from m+1 to N, - there
are these elements that occur in selected elements but do
not belong to R (x) And elements from N, +1 to
N, are new generation solutions.

We denote by 4, ,; - an event that none of the points
at the (k+1) iteration step falls into the R; (x)

We have

P(dgyr) < (1=8)"or

Analogically for 4, :

P(4y,p)<(1=5)"e N

We denote by B;,; an event that the number of
solutions these belong to R; (x)did not increase by one.

We have:

P(Byi1)= Py )< (1=5)E N

Analogically for B, .5, By 3,.--» Bryy -

PBroo)= Py o) PUB 1)< (1= 85,

P(Bk+n): P(AkJrn)' P(Bk+n71)ﬁ (1 — 5)n(NE 7Nn!’)'
Considering the series,

301P(BkJrn)S E(l_é‘)n(NEiNop)<oo (19)
n=1 n=1

we see that it converges at Np >N, +1.

The convergence of the series (19) by the Borel-
Cantelli theorem means that with probability 1 there are
only a finite number of events from B, .

In other words, there is a number N for that the

number solutions that belong to R; (x) will increase by
one, which proves Theorem 1.

Findings

The article formulated conditions that there is
convergence of algorithms of evolutionary search.
Among the conditions there are: the condition of non-
strict choice for a binary choice relation, the condition for
the existence of a non-zero measure for upper cross-
section of binary relation, the condition of non-zero
probability of new solutions falling into an arbitrary
upper cross-section of the choice relation.

Originality and practical value

Sufficient conditions are formulated that ensure the
convergence of the sequences of selected solutions to the
Rs - optimal solution with probability 1 under general
conditions for the ratio of choice. The formulated

conditions leave  significant  opportunities  for
constructing specific evolutionary random search
algorithms.

The conditions of convergence of evolutionary
algorithms allow us to construct effective algorithms for
solving  generalized  mathematical  programming
problems: with continuous, discrete or mixed variables,
in the presence of constraints in the form of equalities or
inequalities.

Conclusions

In the article, the convergence of evolutionary
random search algorithms in solving optimization
problems with binary choice relations is analytically
investigated. The conditions for the convergence of the
sequence of selected solutions were defined.

It was shown that evolutionary algorithms ensure
convergence of search to Rs-optimal solutions with
probability 1.
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